We investigate the dynamical chiral symmetry breaking (DCSB) and superconductivity in a supersymmetric model at finite temperature and density. We employ the N = 1 four-dimensional generalized supersymmetric Nambu-Jona-Lasinio model (N = 1 generalized SNJL 4 ) with a chemical potential as the model Lagrangian, and select the gauge freedom as U(1). In order to realize the DCSB and BCS-type superconductivity in this model, we introduce a SUSY soft mass term. Under the finite-temperature Matsubara formalism, the effective potential and the gap equations are derived in the flamework of the large-N expansion. The finite-density effect in the DCSB is shown by the critical coupling. The roles of both the boson and fermion sectors in the superconductivity are examined by the quasiparticle excitation spectra and the gap equations.
a generalized version of the SUSY Nambu-Jona-Lasinio (SNJL) model [12] [13] [14] [15] [16] . We choose the simplest case of the gauge symmetry, namely U (1) , to avoid possible complicated situations of breaking patterns of gauge and flavor symmetries. The procedure of this Letter will make a first step toward the investigation of SUSY superconductivity with more large gauge symmetries. We derive and solve a BCS-type self-consistent gap equation of the SUSY superconductivity, and examine the thermodynamics. We discuss characteristic aspects of our SUSY BCS theory by comparing with the results of the nonrelativistic and relativistic BCS theories [1, 6, 17, 18] . To obtain the effective potential at finite temperature, we use the imaginary time Matsubara formalism. The N = 1 SUSY is explicitly broken at finite temperature. The SNJL model was first introduced to investigate DCSB in a SUSY field theory [12, 13] , and it was also applied to the theory of the top condensation of the minimal SUSY standard model [8] . The examination on the phenomenon of the chiral symmetry breaking of SNJL at finite-temperature and zero-density was given in literature [15] .
where, we have used the following definitions of the fields:
Ξ ≡ (Ψ , Ψ T ).
Here, Ψ is the four-component Dirac bispinor, Ξ andΞ are the eight-component Nambu notations [17, 18, 20] , and T means the transposition. The definitions of the matrices Ω B and Ω F are given as follows:
where, γ 5 ≡ γ 0 γ 1 γ 2 γ 3 , and C ≡ iγ 2 γ 0 is the charge conjugation matrix. It is a well-known fact that, in the relativistic theory of superconductivity, we should take the parity-invariant Lorentz-scalar symmetry for the spin singlet BCS pairing state [6, 17, 18] . In order to take the symmetries of both the Dirac mass and the BCS pairing gap in Ω F as Lorentz scalar, we choose φ
= φ S 3 , the gap function corresponds to a linear combination of the scalar and pseudoscalar pairings. The pseudoscalar pairing cannot realize in the relativistic BCS theory [17] , and thus we may introduce the constraint φ † S 2 = φ S 3 also in the present case. The boson and fermion determinants in Eq. (4) will be evaluated in the following forms:
All of the eigenvalues of Ω F doubly degenerate. These degeneracies relate to the time-reversal invariance of the BCS gap function [17] . The bosonic and fermionic quasiparticle energy spectra are evaluated as follows:
We confirm |φ S 1 | is the dynamically generated Dirac mass, while 2|φ S 2 | corresponds to the BCS gap function. As we mentioned above, we consider the case G 2 = G 3 . The effective action of the leading order in the large-N expansion is found to be
Hereafter, we introduce the finite-temperature Matsubara formalism [21] . The Matsubara formalism is obtained by the following substitutions in our theory: 
.).
The effective potential (thermodynamic potential) becomes
To obtain the final expression in Eq. (16), the frequency summations were performed. A three-dimensional momentum cutoff Λ was introduced to regularize the integral. The gap equations are derived in the following forms:
At first glance, both of these gap equations seem to include quadratic divergences, and they might be influenced by Δ. The effect of SUSY is parametrized by Δ. These gap equations correctly give their limiting cases at Δ → ∞. For example, Eq. (18) gives the gap equation of the non-SUSY relativistic superconductivity [17] at Δ → ∞. Eqs. (17) and (18) can have nontrivial solutions at least at G 1 , G 2 > 0 (attractive interactions). The charge density , the conjugate of μ, is found to be
In the zero-temperature case with |φ S 2 | = 0, one has
where, θ(x) is the step function defined as follows: θ(x) = 1 for x > 0 and θ(x) = 0 for x < 0. p F is the Fermi momentum. At T = 0, μ coincides with the Fermi energy p 2 F + |φ S 1 | 2 , and it is determined by the charge density of fermion. Later, Eq. (18) is solved numerically. We completely neglect the temperature dependence of μ, and use it as an external parameter for our numerical calculations.
Quasiparticle excitation energy spectra
In this section, we examine the quasiparticle excitation energy spectra (10)- (13). Because we consider several situations of μ = 0, the Bose-Einstein condensation (BEC) can take place in our model [9, 21] . Depending on the model parameters (Δ, μ, etc.) and |φ S 1 | and |φ S 2 |, E B + (p) can have a zero-point. In such a case, the logarithmic function ln(1 − e −βE B + ) in V eff will diverge and BEC takes place. A similar discussion on BEC was given in Ref. [9] . In this Letter, we will not study the physical property of the BEC phase in our model, and only discuss the phase boundary in the model-parameter space. This can be done by the examination of the quasiparticle energy spectra. We have to find the condition of the realization of BEC before solving the gap equations (17) and (18) to study the phases of the DCSB and the superconductivity.
First, we examine Eqs. (10)- (13) in several limiting cases. At μ = 0, the zero-density case, the energy spectra becomes
On the other hand, at |φ S 2 | = 0 one finds the spectra of the DCSB at finite density:
while, at |φ S 1 | = 0 where only a superconducting gap is generated, the spectra take the following forms:
In Eqs. (23) and (25) , E B + (p) can become negative with μ 0. Because of the positiveness of the Bose distribution function 1/(e βE B + − 1), and μ corresponds to the Fermi energy of the system at zero temperature,
has to be satisfied in Eqs. (23) and (24). If we use μ = p 2 F + |φ S 1 | 2 , (27) will be rewritten as the condition of the external parameters p F and Δ:
Thus, Δ is the upperbound for p F in the SUSY theory. For Eqs. (25) and (26),
has to be satisfied. From (23) one finds that, if dynamically generated |φ S 1 | obtained as a solution of the gap equation (17) satisfies μ 2 = |φ S 1 | 2 + Δ 2 , the BEC takes place at the mode of p = 0. Fig. 1 shows a typical case of the excitation energy spectra of boson and fermion quasiparticles under the superconducting state with a nonvanishing chiral mass. E F + (p) has a minimum at p F = μ 2 − |φ S 1 | 2 where the excitation energy gap 4|φ S 2 | locates. The appearance of the branches E B + (p) and E B − (p) is the new phenomenon of our SUSY theory compared with the no-SUSY relativistic BCS superconductivity [6, 17, 18] . The Bose branch E B + has an energy gap at |p| = 0. All of the spectra become parallel with the light cone at |p| → ∞. Let us examine the situation E B + (p) = 0 in detail. From Eq. (10), one obtains the solutions of the equation 
Here, we used μ = p F . When Δ = Δ sc(I) cr in the case (I), E B + (p) has one zero-point at |p| = 0, and it behaves at |p| → 0 as
Thus we conclude that, in the case (I), the superconductivity can coexist with the BEC at Δ = Δ sc(I) cr , while only the superconductivity can take place at Δ > Δ sc(I) cr . In other words, the phase boundary given by (31) depends on a self-consistently determined |φ S 2 |. In the case (II), we find |p| = μ 2 − |φ S 1 | 2 − Δ 2 as one solution of E B + (p) = 0. From this solution, one has μ 2 |φ S 1 | 2 + Δ 2 , and with the condition (27) , we obtain the critical SUSY soft mass of the superconductivity:
Here, we used μ = p 2 F + |φ S 1 | 2 . When we choose the model parameters suitably, especially to satisfy Δ > Δ , and
) 2 + |φ S 1 | 2 at |p| → 0 (there is no energy gap of the branch E B + ). In this situation, |φ S 2 | = 0 has to be satisfied, thus the superconductivity cannot coexist with the BEC. We find that the chiral symmetry (chiral mass |φ S 1 |) affects the physical situation of the phase boundary between the superconductivity and the BEC. These results are summarized in Table 1 .
Dynamical chiral symmetry breaking
Now, we arrive at the stage to study the DCSB without superconductivity. At T = 0 and |φ S 2 | = 0, the gap equation (17) becomes (33)
With taking the limit Δ → ∞, Eq. (33) gives the gap equation of the DCSB of the ordinary (no-SUSY) Nambu-Jona-Lasinio model at finite density [5] , while at p F = 0 it will give the gap equation of the zero-density case of the SNJL model [13, 15] . This equation determines the phase diagram in the space of parameters G 1 Λ 2 , Δ/Λ and p F /Λ. The examination of the critical coupling might be the easiest method to see the relation of several possible phases. The determination equation for the critical coupling (G 1 ) cr is obtained as follows: 
The denominator of Eq. (34) includes the finite-density effect on (G 1 ) cr . (G 1 ) cr of p F = 0 is larger than that of p F = 0. The divergence of (G 1 ) cr Λ 2 at a nonzero value of Δ/Λ (depends on a numerical value of p F ) indicates the existence of the critical soft mass Δ dcsb cr for the DCSB of this model [13, 15] . From (28), we know p F Δ has to be satisfied in Fig. 2 : When p F = Δ, the BEC takes place at the mode of p = 0.
Superconductivity
Now, we consider the following situation: After the Dirac mass |φ S 1 | dynamically generated and the chiral symmetry was broken, we assume the superconducting instability occurs in the system. We solve the gap equation (18) under this situation, and restrict ourselves to examining the superconductivity. Thus, |φ S 1 | is treated as a model parameter. Usually in various superconductors we know, the BCS gap function 2|φ S 2 | is much smaller than μ − |φ S 1 | [18] . We assume it is also the case in our numerical calculation for solving Eq. (18), and choose the model parameters G 2 , Λ, μ, Δ and |φ S 1 | to satisfy 2|φ S 2 |/(μ − |φ S 1 |) 1. Because 2|φ S 2 | is quite sensitive to G 2 and Λ even in our SUSY theory, we carefully choose numerical values of them (a kind of fine-tuning) to get a physically reasonable solution. In this Letter, we set aside the question on the origin of the interactions given from the nonlinear terms of Φ ± . We treat the cutoff in a general way. As discussed in Section 3, the superconductivity never occurs at p F = Δ with |φ S 1 | = 0. We also have to take into account the condition (28) to choose a numerical value of Δ; when Δ Δ sc(II) cr = p F is satisfied, the superconductivity cannot realize. Fig. 3 shows the gap function 2|φ S 2 | at T = 0 as a function of the coupling constant G 2 . Eq. (18) was solved under the three examples: Δ = 2, Δ = 10 and Δ = 100 with the energy unit |φ S 1 | = 1. The result of the no-SUSY case (obtained by dropping the contribution coming from the bosonic part in Eq. (18)), namely the ordinary relativistic superconductivity, is also given in this figure. All of the examples show qualitatively similar dependences on G 2 , and they reflect the nonperturbative effect. When the soft mass becomes large, the dependence on G 2 becomes strong, however, the dependence is qualitatively unchanged whether a numerical value of Δ is larger or smaller than Λ. The result in Fig. 3 also indicates the absence of the critical coupling of the superconductivity similar to the ordinary BCS theory [1, 6, 17, 18] : Any attractive interaction gives a superconducting instability also in the SUSY case. In Eq. (18), the contribution coming from the vicinity of the Fermi energy dominantly determines the solution |φ S 2 |. This contribution can be made arbitrarily large by changing |φ S 2 |. The integrals given from the momentum-integration of the functions of the branches E F − , E B + and E B − are almost constants under the variation of |φ S 2 |. Thus, Eq. (18) at T = 0 always has one nontrivial solution with any attractive interaction. We also find that, Eq. (18) never has two solutions in our numerical calculations. In other words, the effective potential (16) only has one minimum with respect to the variation of |φ S 2 | under the superconducting phase. We confirmed this fact by our numerical calculation of the effective potential.
In Fig. 4 , we show the gap function 2|φ S 2 | at T = 0 as a function of the three-dimensional momentum cutoff Λ. In the case Δ = 2, the divergence of the gap function becomes slower than other examples because of the effect of SUSY. In this figure, the gap function at Δ = 2 diverges almost linearly. In the cases of Δ = 10, Δ = 100 and no-SUSY, the gap function diverges almost quadratically at Λ → ∞. Fig. 5 gives 2|φ S 2 | as a function of temperature T . 2|φ S 2 | continuously vanishes at T → T c (T c ; the critical temperature), clearly shows the character of second-order phase transition. In all of the examples shown in this figure, the BCS universal constant 2|φ S 2 (T = 0)|/T c = 1.76 is satisfied [1, 18] . This fact means that, both 2|φ S 2 (T = 0)| and T c depend on G 2 , Λ, Δ and μ, while their ratio is independent on them. In the nonrelativistic and relativistic BCS theories, any spin-singlet (or, Lorentz-scalar) BCS gap function satisfies the universal constant [1, 18] . We find it is also satisfied in our SUSY BCS theory.
We discuss the thermodynamic property of the SUSY superconductivity. With taking into account ∂V eff /∂|φ S 2 | = 0, the entropy S is obtained as follows: Fig. 5 , we find S is continuous at the phase transition: It is a second-order phase transition. The heat capacity C becomes
Let us recall the energy spectra shown in Fig. 1 . Because the density of states diverges around the energy gap of E F + [18] , the contribution of the excitation of E F + dominates the integrals of S and C, and other branches give almost no contribution. Both the entropy S and the heat capacity C of the system are determined by the thermal excitations of the quasiparticles of the branch E F + . Because the temperature dependence of 2|φ S 2 | is the same with the well-known BCS result, we conclude that the temperature dependences of S and C are qualitatively the same with the well-known results of the ordinary BCS theory [1, 18] : The heat capacity C of Eq. (36) becomes exponentially small in the limit T → 0, while it behaves as C ∝ T (the Fermi liquid behavior) at T > T c .
Summary and discussion
In summary, by examining the quasiparticle excitation energy spectra and the gap equations, we have discussed the DCSB and the superconductivity in the generalized SNJL model. We have found the finite-density effect in the critical coupling of the DCSB. The effects of the bosonic part in the gap equation (18) in the SUSY BCS theory have been reviewed in detail, while we have not found any SUSY effect in the thermodynamic character of the SUSY superconductivity. These results have been understood by the energy spectra (10)- (13) . We have revealed that, the superconductivity shows the BCS character even if μ is close to Δ. There is no critical coupling also in the SUSY BCS case, while we have found the critical soft mass Δ sc(II) cr : SUSY protects not only the chiral invariance from DCSB but also the dynamical breaking of gauge symmetry at finite density. If the soft mass Δ is slightly larger than Δ sc(II) cr , the SUSY effect becomes significant in the magnitude of the gap function 2|φ S 2 |. Finally, we would like to make some comments on several issues and possible extensions of this work. It is interesting for us to examine the collective modes and its excitations in both the DCSB and the superconductivity. An interaction between bosons might alter the excitation energy spectra of the boson sector, as discussed in the Bogoliubov theory of superfluidity [22] .
The existence of the upperbound of μ for the DCSB and superconductivity is a remarkable fact, when we consider phenomenological aspects or cosmological problems. Today, the superpartners of the known elementary particles are supposed to exist in the TeV energy scale. From this point of view, any matters of massive Dirac particles cannot take the chemical potential over the TeV region without destroying the superconductivity. In this Letter, we choosed the gauge freedom broken by the superconductivity as U(1) for the sake of simplicity. We regard our result is the starting point to extend the theory to the more general SU(N c ) case. From the phenomenologically possible energy scale of Δ (> TeV), our theory is relatively closer to the electroweak theory, especially the top condensation model [8] , or the technicolor theory [7] than to SU(3 c ) QCD. For example, the SU(3 c ) gauge interaction itself is the origin of the attractive interaction for CSC. Therefore, if one uses an NJL-type model to describe CSC, the model parameters should be chosen from the consideration of the QCD gauge interaction and hadron phenomenology. A coupling constant for an NJL-type model should take a numerical value of O(GeV −2 ), while a cutoff will become O(GeV) [5, 6] . At the order of the energy scale of the cutoff, there is no SUSY effect in CSC in the sense of the context of this Letter.
The applications of our method to an investigation of the SUSY superconductivity in (2 + 1)-dimensional case [23] can easily be done. The gauge dynamics was completely neglected in this Letter. The gauged-NJL model was extensively studied in the context of the strong-coupling QED [4] . Effects of gauge fields on the DCSB and superconductivity can be examined by our model at finite temperature and density. The extensions to several gauge groups of SUSY grand unified theories (SGUTs) are possible for our theory [24] . Recently, the phase structures of the ordinary NJL model with an external electromagnetic field, both the cases in curved spacetime [25] or at finite temperature and density [26] , are studied. The DCSB of the SU(N c ) SNJL model at zero density was examined in several curved spacetime to describe the physics of the early universe. The extensions of our theory of this Letter to these several external conditions are interesting [27] .
In this Letter, we have given the possibility of the calculations of several thermodynamic quantities (thermodynamic potential, entropy, heat capacity) in a SUSY condensed matter. It is one of the advantages of our method. From our method, the GinzburgLandau theory for the DCSB and superconductivity can be constructed and applied to study vortex in the SUSY case. Our theory provides a way to study the SUSY condensed matter physics. The extension of our theory to the case of a vector-like SU(N c )-gauge model with N f -flavor will be published elsewhere [28] .
